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This paper continues the study of arithmetically Buchsbaum curves in Ip3 by focusing on their 
hyperplane sections. Here we are especially concerned with the relation between the minimal 
generators of the ideal of such a curve W and those of the ideal of its hyperplane section B n H. 
By analyzing the structure of these ideals (which are closely related to the Hartshorne-Rao 
module M(g)) we are able to give two inequalities for the number of minimal generators of the 
ideal of 0. (The second is originally due to M. Amasaki; we give a new and shorter proof of it.) 
We also show how the second inequality immediately gives Amasaki’s bound for the least degree 
of a surface containing P. These considerations yield a number of results about 8, for instance 
bounds on the index of speciality e(g). Finally, we apply these techniques to classify the arithme- 
tically Cohen-Macaulay and Buchsbaum curves on a smooth cubic surface. 
Introduction 
This paper is a continuation of the work done in [l 11. The objects of study are 
the arithmetically Buchsbaum curves in P3, concentrating on their hyperplane sec- 
tions. More specifically, we are interested in the relation between the minimal 
generators of the ideal of the curve and those of the ideal of its (geometric) hyper- 
plane section. In this section ‘curve’ shall always mean ‘arithmetically Buchsbaum 
curve’ in P3. 
The first section is primarily a brief summary of the results of [ 1 l] which are rele- 
vant to this paper. These include certain close connections between the ideal of the 
curve and the ideal of its hyperplane section (Theorem 1.4) and certain facts about 
the vanishing of the Hartshorne-Rao module (Theorem 1.5). However, we also use 
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the ideas of [l l] to give a new proof of a known result [2,4], namely a lower bound 
on the least degree a(‘$?) of an element of the ideal of the curve E? if it is reduced 
and irreducible (Theorem 1.6). 
Section 2 is in some sense the heart of the paper. Here we study the minimal 
generators themselves, both of the ideal of the curve and of the ideal of its hyper- 
plane section, and give a connection between them (Proposition 2.2). This has many 
corollaries. In particular, we give an elementary new proof of two results of 
Amasaki [l], bounding the minimal number of generators of the ideal of the curve 
and the least degree of an element of the ideal of the curve (with no extra hypotheses 
on the curve) (Theorem 2.10, Corollary 2.11). 
In Section 3 we apply the ideas of Section 2 to study the integers e(g) and p(g). 
The main result here is a lower bound on e( ‘E?) (Theorem 3.2). We also give an upper 
bound, and derive sharper bounds in the case where EY is reduced and irreducible 
(Proposition 3.3, Corollary 3.6). 
In Section 4 we extend some work of Watanabe [IS]. Here we classify the arithme- 
tically Buchsbaum (non-Cohen-Macaulay) curves on a smooth cubic surface in ip3 
(Theorem 4.3) and also give a classification of the arithmetically Cohen-Macaulay 
curves on such a surface (Theorem 4.7). Our classification is in a format which is 
different from the format given in [18]. 
1. Preliminaries 
Let k be an algebraically closed field, S = k[X,,X,, X,, Xs], lP3 = Ipz (or more 
generally IP” = Ipi). By a curve we shall always mean a closed one-dimensional sub- 
scheme of Ip3 which is locally Cohen-Macaulay and equidimensional. If @& is the 
structure sheaf of [P3 we let #WC@,3 be the ideal sheaf of Q. To a curve g we 
associate the Hartshorne-Rao module M(g) = @jdEL H1(lP3,#e(d)), which is a 
graded S-module of finite length. E? is called arithmetically Buchsbaum if the max- 
imal ideal m of S annihilates M(g). 
If Z is a subscheme of Ip” and I is its ideal in k[X,, . . . ,X,1, then the Hilbert 
function H(Z, t ) = dim(k[XO, . . . , X,1/Z),. We will be especially interested in the 
difference function AH(Z, t) = H(Z, t) - H(Z, t - 1). 
Recall also the following definitions: 
cr(Z)=min{d 1 WEZ, degF=d}; 
p(Z) = min{d ) Id contains a regular sequence of length = codim Z}; 
v(Z) = minimal number of generators of I. 
If F? is a curve and His the hyperplane associated to a general linear form L, then 
the geometric hyperplane section is the zero-dimensional scheme Bfl H in H= P2 
given by the ideal 
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note that this ideal has no embedded component in its primary decomposition. The 
algebraic hyperplane section is the ideal 
(Z@ L) 
(Z) . 
These two types of ‘section’ are related (cf. [l l] for details): if ZgoH=~, n ... nvn 
is the primary decomposition of ZBoH, then 
u,, L) 
- =p,n..-n,,n, CL) 
(where 9 is a possible embedded component). 
Furthermore, if 0 : S1 -+ Hom(M( g), M( E)) is the 
module structure of M(g), then the geometric and 
determined by L are connected to M(g) as follows: 
Theorem 1.1 ([ll]). 
homomorphism defining the 
algebraic hyperplane section 
d--n, 
% ker @(L)(-1). 0 
qln+kng 
A large part of this paper is concerned with understanding the implications of this 
isomorphism in the case of arithmetically Buchsbaum curves, in which case G(L) is 
the zero map for every L. 
Let 2 be a zero-dimensional scheme in P2. A great deal of work has gone into 
describing properties of dH(Z, t) given various assumptions on 2, and conversely 
describing properties of 2 given dH(Z, t). Many of these results were collected, for 
convenience, in [ll, Theorem 4.11. We will not repeat this here, but rather will recall 
the relevant facts when needed. 
Let V? be an arithmetically Buchsbaum curve. We recall some notation from [4]: 
Definition 1.2. Let (nt, . . . , n,) be a sequence of non-negative integers, where nt #O 
and n,#O. Then L,, ,,,n, is the even Buchsbaum liaison class associated to a finite- 
dimensional graded module which is annihilated by the maximal ideal m of S and 
whose homogeneous components are vector spaces of dimension nl, . . . , n, respec- 
tively. 
If M is such a module, then we say that the diameter of M is r and write 
diam M= r. 
The Buchsbaum type of L,,,,,,r is the integer N=n, + ... +n,. 
Note that this definition makes sense: being annihilated by ti means that, up to 
shifts, the module structure is determined by the sequence (n,, . . . , n,). 
One of the most important, and indeed surprising, facts about arithmetically 
Buchsbaum curves is the following, due to Amasaki: 
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Theorem 1.3 ([l]). Let E’EL,,,,,,.~. Then cr(E?)r2N. 0 
This theorem plays an important role in [II] and in [4]. In the following section 
we give a new proof. 
Classically, an important technique for studying curves has been via their geo- 
metric hyperplane sections. In the case of arithmetically Buchsbaum curves, even 
without the assumption of reduced and irreducible, it was shown in [l l] that there 
are several striking connections between the curve g and its (geometric) hyperplane 
section @flH. (See also Section 2.) 
Theorem 1.4 ([ 111). Let EY be an arithmetically Buchsbaum curve, with a = a( E?), 
p= p( %?). Let H be a hyperplane containing no component of E?, then 
(a) the Hilbert function H( FZ fl H, -) is independent of the choice of the hyper- 
plane H; 
(b) w- 1 ra(%nH)<a; 
(c) (x(gflH)=a- 1 if and only if M(g),_,#O (and then h”(ggflH(a- l))= 
dimM(g),_J; 
(d) p- 1 Ij3(%flH)<P; 
(e) if t is the least integer such that h’(9. Y’nH(t)) = 0, then IF is generated in 
degree St+ 1. 
Proof. In [ll], (a) is Lemma 1.9, (b) is Corollary 3.9(a), (c) is Corollary 3.9(b), (d) 
is Corollary 3.9(e) and (e) is Theorem 3.14. Note that the integer t defined in (e) is 
also max{d 1AH(8nH,d)#O}, and that I EnH is also generated in degree St + 1. 
(The latter is a standard fact - cf. [9].) 0 
In the context of the Hartshorne-Rao module M(g) for an arithmetically Buchs- 
baum curve g, we have the following theorem: 
Theorem 1.5 ([ll]). Let 5F be an arithmetically Buchsbaum curve, then 
(a) M(g)),=0 for dla(E?-3; 
(b) A4(E’),=O for dz t (where t is defined above); 
(c) If 67 is reduced and irreducible then A4(B)d=0 for dS/l(g)--3. 
Proof. In [l 11, (a) is Corollary 3.9(c), (b) is contained in the proof of Theorem 3.14, 
and (c) is Proposition 4.8. 0 
In particular, combining Theorem 1.5(a) with Theorem 1.3 gives the leftmost 
possible shift of the Hartshorne-Rao module of an arithmetically Buchsbaum curve 
in terms of the Buchsbaum type A’ (see also [ll, Corollary 3.10(a)]). 
To illustrate the interplay between all of these ideas, we give a new proof of a 
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result in [2]. (In [2], Amasaki points out that this result is also easily obtained from 
the proof of a different theorem in [4] (Theorem 2.12), so the following is actually 
the third proof of this result.) 
Theorem 1.6. If C3 is a reduced, irreducible arithmetically Buchsbaum curve with 
Buchsbaum type N, then 
a(g)?2N+diamM(g)- 1. 
Proof. The idea of the proof is that in terms of the graph of ~IH(gflfX -), the 
results above give strong control on diam M(g) in terms of a(g) and N. We will 
prove the result in the case a(g)=a(@‘nH) - the case a(g)=a(gnH)+ 1 (i.e. 
M(C),(,,_2#O) is similar. (In this latter case a(‘%‘) =p(@Z) by [ll, Corollary 4.31 
and the assumption of irreducibility.) 
Perform a link on 67 using surfaces of degree (x(g) and p(g) and let ‘$Z’ be the 
residual curve. Restricting to a general hyperplane H, we may assume that this gives 
a link of gfl H to g’ II H by curves of degree (x(e) and /3(g). The zero-dimensional 
complete intersection has a difference function d H given by Fig. 1. The graph of 
dH(fZflH, -) lies beneath this graph, and the graph of dH(f?‘nH, -) is the dif- 
ference, reading from right to left (cf. [8, Theorem 31). Now a(VZ’) I 2Nby Theorem 
1.3, so a(E?‘flH)I2N-1. Hence the last possible place where AH(fZ’nH, -)>O is 
in degree (a(~)+j?(~)-1)-(2N-l)-1=cr(~)+/3(~)-2N-1. So by Theorem 
1.5(b), the last possible non-zero component of M(g) is in degree a(g) + 
p(g)-2N-2. 
a 
a(e)-1 B(e)-1 a(e)+p(e)-l 
Fig. 1. 
On the other hand, by Theorem 1.5(c) we have that the first possible non-zero com- 
ponentofM(~)isindegreeP(~)-2.HencediamM(~)-c[cx(~)+P(~)-2N-2]- 
[j3(‘6?) - 2]+ 1, from which the theorem follows easily. 0 
Remark 1.7. (a) In the above theorem, the assumption that g is reduced and ir- 
reducible enters only to apply Theorem 1.5(c) at the last step. That result, though, 
actually holds whenever g lies on an irreducible surface of degree a(%) (cf. [ 11, 
Proposition 4.81). So we can make the stronger conclusion: no curve in L,, _,_ n, lies 
on an irreducible surface of degree <2N+ r - 2. This is essentially what was proved 
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in [4, Theorem 2.121 with a different technique, although not stated as such. 
(b) We have noted in the proof of Theorem 1.6 that the last possible place where 
dH(@?flH, -)>O is in degree a(PZ)+P(g)-2N- 1, and to that point in the proof 
have not used the fact that 8 is reduced and irreducible. Hence by [l 1, Theorem 
3.141, 1g is generated in degree QX(@?)+/~(%‘)-2N. This is [ll, Theorem 5.61, but 
now strengthened in that we need not assume that g is reduced and irreducible. 
2. Minimal generators 
In this section we examine the isomorphism of Theorem 1.1 in order to draw con- 
clusions about minimal generators of ZgnH and of Ig (when E is arithmetically 
Buchsbaum), and to make connections between them. As an application we give a 
simpler proof of Amasaki’s upper bound of a( VZ) + N+ 1 for the minimal number 
of generators of I, (cf. [l]), from which Theorem 1.3 follows easily using a result 
of [5]. 
In the case of arithmetically Buchsbaum curves, Theorem 1.1 can be re-written as 
(cf. [ll]). Note that minimal generators of I, correspond exactly to minimal 
generators of the algebraic hyperplane section of Q i.e. to minimal generators of 
Iv/L* Iv. 
Lemma 2.1. Let F,, . . . , FN be a set of elements of I,,, which form a basis for 
M( 6’)(- 1) in the quotient above. Then 
(a) Fi@Ig/L*Ig for all i; 
(b) F,, . . . . FN are part of a minimal generating set of IgnH. 
Proof. (a) is trivial. (b) follows from (a) and the fact that M(g) has trivial S-module 
structure, so that for all FEZ,~H and any linear form A, AFE I,/L. I,. q 
Now, assume that g E L,, _,, ,, . We have found it useful to express Igo, schema- 
tically as in Fig. 2. We let each box represent lgnH in a particular degree: the 
bottom of the box representing that part corresponding to the algebraic hyperplane 
section in that degree and the upper part the ‘quotient’ which, by Theorem 1.1 and 
(*) above, is the appropriate piece of M(g). 
'C"H 
@ pj [ 1 
degree i i+l i+r ._.. 
Fig. 2. 
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So in any degree d, we start with minimal generators of (ZgoH)d corresponding 
to the appropriate component of M(@?)(d- 1) (the top of the box), and extend to 
a vector space basis of (ZW,-,H)d. The new elements of this vector space basis are all 
in (Zg/L. Zw)d (the bottom of the box), but they may or may not be minimal 
generators for I,! /L f I,. 
We can now see how the generators of Zg/L. Zg (and hence of I,! itself) can 
occur. 
Proposition 2.2. Without loss of generality, assume that L =X0. Extend {F,, . . . , FN} 
(cf. Lemma 2.1) to a minimal generating set {F,, . . . , FN, G,, . . . , Gk} of Zg,,, with 
G ,, . . . , Gk in Zg/L. Zg (see discussion above). Then 
{G ,, . . ..Gk.X,F,, . . ..X.F,V,X~F,, . . ..XZF.V,X~F,, . . ..X.F,) 
is a generating set of Zg /L . Zg. The Gi are minimal generators, but the XiFj may 
not be. 
Proof. The Gj are minimal generators for Z @oH and they are elements of Ze/L. Ze, 
so they are certainly minimal generators for Z%/L. I, c I,,, as well. An element 
X;Fj may or may not be expressible as a linear combination of elements of IV/L. I% 
of lower degree. To see that these elements generate Zg/L. I,, suppose that FE 
Z,/L*Zw is any other element. Since FEZ,,,, we may write F= C AiGi+ C BjFj 
where we may assume that the coefficients are all non-zero (by dropping those that 
are). If deg Bj > 0 for allj then we are done. So, without loss of generality, suppose 
that degB,=**. = deg B,= 0 and all other Bj have degree >O. Then 
~ BjFj=F- C AiGi- ~ BjF,. 
j=l J=r+l 
But by choice of Fj, the left-hand side is non-zero and not in IV/L . Zg while the 
right-hand side is in Iw /L . Ig. Contradiction. 0 
Corollary 2.3. v(%)Iv(%nH)+2N. 
Proof. v(@))[v(gnH)-N]+3N. q 
Corollary 2.4. (a) Zf ZInH has no minimal generators in degree d, then M(g)d-l = 0. 
(b) ([ll, Lemma 3.121). If M(B)d_l =0 and Z gnN has no minimal generators in 
degree d + 1, then II has no minimal generators in degree d + 1. 0 
Note that (a) is often stronger than Theorem 1.5(b), since one often finds that 
Z,oH runs out of minimal generators long before degree t + 1. 
Corollary 2.5. If ZyznH is generated in degree Id, then Zg is generated in degree 
cd+ 1. 
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Proof. If IVoH has no minimal generators in degree 2d-t 1, then M(g);=0 for 
ird (Corollary 2.4(a)) and 1g has no minimal generator in degree rd+2 (Cor- 
ollary 2.4(b)). 0 
Note that this result strengthens Theorem 1.4(e). 
Example 2.6. Consider the configuration of 10 lines Q given in Fig. 3, where if two 
lines do not intersect in the figure (as drawn) it is to be understood that they never 
meet in lP3. This is a Buchsbaum curve (cf. [16]). 
It is easy to see that eight of these lines lie on a quadratic surface, so a general 
hyperplane section is represented by Fig. 4 (with eight points on a conic). From [16] 
0 0 
0 
0 0 
0 0 
0 0 
0 
Fig. 3. Fig. 4. 
we have dim M(B), = dim M(g), = 1 and a(%‘) = 4. Then ZanH can be represented 
by Fig. 5 (where the numbers in the rectangles are vector space dimensions), and 
dH(??flH, -) is given by Fig. 6. 
degree 3 4 5 1 2 3 4 5 
Fig. 5. Fig. 6. 
It can be shown that p( %nH) = 4, and then a theorem of Dubreil gives v( KZ(l H) 5 
3+4-(5-1)=3.(ThetheoremofDubreilisv(~?~)1cr+~-(a-l), wherea-l 
is what we have called t - cf. [7].) On the other hand, 4nHis not a complete inter- 
section, so v(E?tlH) = 3. Clearly one of these generators is in degree 3 and the other 
two are in degree 4, two of these three generators correspond to M(%)(-1) (and 
hence are not in I@/L.Z,). So v(%)lv(QnH)+2N=3+4=7, with four genera- 
tors in degree 4 and at most three in degree 5. (In fact, by [5] we have v( E?) 2 3N+ 1 
so this is sharp.) 
Remark 2.7. In the example above, notice that we could deduce the existence of four 
minimal generators for Iv/L. I, in degree 4 without knowing how many of each 
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type there were (although in fact only one is a ‘G;‘) just from knowing h0(,9P,,(4)). 
This suggests the following variant of Corollary 2.3: 
Let ~~J%,....~, and let fi=q+...+n,=N-n,. Let a=cx(gnZZ) and assume 
that (u( E?) = cy + 1. Let B= minimal number of generators of ZgoH in degree 2 a + 2. 
Then 
v(g) i h”(&o& + 1)) + 2N+ J. 
Example 2.8. Unfortunately, the bound in Corollary 2.3 is not always sharp. For 
example, let Y be the union of two skew lines and perform a link using two general 
surfaces of degree 3 and 5. The residual is an irreducible curve % of degree 13, with 
dim M(g)4 = 1. Consider gn H. We know the Hilbert function of the complete 
intersection and that of YnH, so by [8] we get the graph for dH(‘$?flZZ, -) (Fig. 
7) and picture for Z,oH (Fig. 8). 
3 0 0 0 
7. 
i 
0 
1 0 
1 2 3 4 5 degree 3 4 5 6 
Fig. I. Fig. 8. 
By Dubreil’s theorem (cf. [7]), v(K?nn)Sa+p-(a-1)=3+5-(6-1)=3 
(recall that gnH lies on an irreducible curve of degree 3 so p= 5). Hence, since 
gnH is not a complete intersection we get v( g Il H) = 3 and Corollary 2.3 gives 
v(‘&?)r2+3=5. 
However, notice that the generator for ZPoH of degree 3 (call it G,) generates a 
6-dimensional subspace of (ZgoH)s, and that the remaining two generators also 
occur in degree 5. Furthermore, one of these two (call it G2) is the restriction to the 
plane H of the degree 5 surface used in the original link of Y and V?, while the other 
(call it F) comes from M(S?)(-1). But one easily checks that G, and G2 span a 
13-dimensional subspace of (Z,nH)6, so I,, only picks up two generators from 
linear multiples of F. Therefore v(g)=4 and Corollary 2.3 is not sharp. 
We now use the preceding ideas to reprove Amasaki’s bound [l], v(g) I 
a(??) +N+ 1. For convenience we make the following notational conventions: 
(1) L=x,, x=x,, y=x,, z=x,; 
(2) ~=kLG_Y,zl, m=G&JGz); 
(3) Z=Z,oHCR; 
(4) J=Zy//L*Zq cz; 
(5) By an abuse of notation, Z, = h0(9_ $oH(f)) as well as ZZ”(SVnH(t)). (It will be 
clear from the context which meaning is intended.) 
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Lemma 2.9. dim(mr . J&,)22(Ik_i -q-,)-t 1 -I&2. 
Proof. See Fig. 9. Let Gr, . . . , G, be a basis for the entire vector space Ikp2 and let 
A be a linear form not contained in any associated prime of I. Then (A)nI=AI, 
so I/[(A)nI]rI/AI. Hence (AG,, . . . . AG,} is a basis for ((A)nI),_, =AIk_2. 
El 
ml.J k-l 
degree k-2 k-l k 
Fig. 9. 
Now, (I,A)/(A)= [I+ (A)]/(A)EI/[(A)~~I] =I/AI in R/(A). Since A. Ik_2 C 
Jk_,,wecanchooseF,,..., Fl E Jk_ 1 which are a basis for Jk 1 /A . Ik _ z. Hence we 
have AG,, . . . ,AG,,F,, . . . . Ft are a basis for Jk_*. 
But in R/(A) the vector space Jk_ 1/A. Ik_2 becomes, after multiplication by 
linear forms, at least t + l-dimensional. In fact, without loss of generality we can 
choose x, y such that xF,, . . . , xF,, yF, are linearly independent in Jk/A . Ikpl. But 
then {A2GI, . . . , A2Gs,AF,, . . . , AF,,xF,, . . . , xF,, yFl } are linearly independent in 
J ml k-1. Therefore 
dimm,Jk_,ZS+2t+ 1 
as desired. 0 
=I&2+2(Ik_r -+-2-I&2)+ 1 
=2(I,_,-nk_2)+1-I,_, 
Theorem 2.10 ([l]). Let 8 be an arithmetically Buchsbaum curve. Then 
v(f7)5a(~)+N+ 1. 
Proof. Notice that in any degree k, the minimal number of generators for Ig/L. Ig 
(and hence for I,) is exactly 
Note also that dH( snI& k) = k + 1 - Ik + I&, . We denote by v(g), the minimal 
number of generators of Ig in degree k. Then for kz a( 8) + 1, 
=(Ik-&I)-dim(miJk-1) 
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~Ik-nk~,-(2Zk_,-2nk_2-Zk_~+ 1) 
=(Zk-Zk_~)-(Ik_,-Zk-2)-nk-I+2nk_z-1 
=(k+ 1 -dH(~nH,k))-(k-dH(8nH,k- l))-n,_, 
+2nk_2- 1 
=d~(~n~,k-1)-d~(~nn,k)-n,~1+2n,_, 
We have two cases. 
Case 1. a(FZ)=cx(EnH)=a (say). Then, 
,?;+, v(Q)kIdH(~nH,a)+2n,_1+n,+n,+,+... 
=dH(gnH,cr)+n,_,+N. 
Also, 
v(E?),=I,-nn,_l=a+ 1 -dH(677H,o)-n,_r. 
Combining gives 
v(F?)la+ 1 +n=cx(B)+ 1 +N. 
Case 2. cx(g)=a(E?nH)+ 1 =a+ 1 (say). Then, 
~~~+2v(~)k~dH(~nHIU+1)+2n,+n,+,+... 
=dH(gnn,o+l)-n,PI+n,+N. 
Also, 
v(g),+l=k-n, 
=o+2-dH(877nH,a+ l)+Ia-n, 
=o+2-dH(~nz-&o+l)+n,_l-n,. 
Combining, 
v(E?)5a+2+N=a(@?)+ 1 +N. 0 
Corollary 2.11 ([l]). Let E? be an arithmetically Buchsbaum curve. Then 
a(Fz)r2N. 
Proof. We have from [5] that 3N+ 1 IV(~). 0 
Corollary 2.12. Let E? be an arithmetically Buchsbaum curve, and assume that F? 
lies on a surface of degree 2N. Then v(E?)=3N+ 1. 0 
Remark 2.13. Let 8 be an arithmetically Buchsbaum curve and, in view of Corollary 
2.11,supposea(B)12N+h.ByTheorem2.10wethenhavev(~)12N+h+N+l= 
3N+ 1 +h. By [5] we always have that v(@?)L~N+ 1, so 
3N+lsv(B)((3N+l)+h. 
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3. Results on e(s) and /3(g) 
To any curve E’, one can associate the integer e(B)=max(n )h’(@,(n))#O}. 
This integer has played a very important role in the theory of curves. For example, 
in the context of liaison it was crucial in [3,4,14, 171, etc. In this section our main 
result is a lower bound for e(g), when g is an arithmetically Buchsbaum curve, 
given solely in terms of N=dimM(@?) (the Buchsbaum invariant of ‘8Z), Y= 
diam M(g) and h = shift of M(g). (We will explain this last notion shortly.) We 
also give upper bounds and relate this to the integer p(g). 
Combining Theorem 1.5(a) with Amasaki’s bound (Corollary 2.11) says that if 
@? EL??,....,, then the leftmost non-zero component of M(g) occurs in degree 
greater than or equal to 2N-2. It thus makes sense to measure how far M(g) is 
from this extreme. 
Definition 3.1 ([4]). L,h, _,_ n, is the set of curves '&EL,, ,..n, such that 
dimM(%),,P,+,=nr and dimM(%‘)2N_2+hPr=0 for all i>O. 
Notice that if %E L,h, ,.,n,, then, by Theorem 1.5(a), a(%)<2N+h. Thus 
Remark 2.13 is applicable in this case. 
Theorem 3.2. Let FE? E L,h, __, ,,,. Then 
e(fZ)r2N+h+r-5. 
Proof. Suppose otherwise, i.e., e(g) I 2N-t h + r - 6. We then have Table 1 for the 
cohomology of LJ~. 
Table 1 
.a, 2N+h+r-6 2Nth+r-5 2N+h+r-4 2N+h+r-3 2Nth+r-2 
ho 
h’ 
h2 
nr-2 nP-1 nr 0 
0 0 0 0 
Recall the exact sequence (using the fact that @? is arithmetically Buchsbaum and 
ks -3) 
0 + H’(&(k)) + H1(S&,H(k)) --t H*(&(k- 1)) + H*(&(k)) + 0. 
Setting k=2N+ h+r-4 gives h1(JJgn,(2N+ h+r-4))=n,_,. 
Setting k = 2N+ h + r - 3 gives h ‘(9 gnH(2N+ h + r- 3)) = n, (#0 by definition). 
Setting kz-2N+ h+r-2 gives hl(#wn,(k))=O. 
Now, from the exact sequence 
0 + H”(,a,,,(k)) + H”(@+(k)) + Ho@%,-,&)) --f N’@%,,(k)) --t 0, 
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we get: 
deg%-H(E?nH,2N+h+r-4)=n,_1; 
degtGH(%‘nH,2N+h+r-3)=n,; 
degf?-H(E’fTH,k)=O for all k>2N+h+r-2. 
Therefore, 
dH(fTnH,k)=O for all kz2N+h+r-1. 
Now, by Theorem 1.4(e) we know that IV is generated in degree 5 2N-t h + r- 1. 
So we can perform a link on % using surfaces of degree a = a(g) and 2N+ h + r- 1 
and obtain a residual curve @‘. In Fig. 10, the dotted line represents the complete 
intersection (restricted to the plane H). Then dH(fZ’fl H, -) has the graph shown 
in Fig. 11. 
2tl+tl+r-2 
Fig. IO. 
We make the following observations: 
(1) h’(z&&a - 1)) = n, and a(tC’flH)=a- 1. 
(2) a-n,_,+n,=AH(t9’fTH,a) 
=a+ 1 -h”(~~,~H((Y))+ho(~~,nH((X- 1)) 
=a+ 1 -h0(9v,nH(cz))+n,. 
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Hence Zz”(ggTnH(cx)) = n,_ 1 + 1. 
(3) Since the last non-zero component of M( 0) occurs in degree 2N+ h + r - 3, 
the first non-zero component of M(%‘) occurs in degree -(2N+ h + r - 3) + a + 
(2N+ h + r - 1) - 4 = a - 2. In particular, all of Zg,oH comes from M(g’) in degree 
(Y- 1. 
Now we have the situation of Fig. 12. This says that the n, generators in degree 
(Y- 1 span, at most, a l-dimensional subspace of (Zg,)a - contradiction. 0 
degree a-l u 
Fig. 12. 
Proposition 3.3. Let E? be an arithmetically Buchsbaum curve. Then 
Proof. We borrow a trick from [4]. Link E? via surfaces of degree a = a(E7) and 
fi=p( E?) to a curve @?‘. Let .9” be the complete intersection. Then 
O-Z,(2N-1)+1,,(2N-l)-t~(3+2N-cr+P)+O 
is exact. Taking cohomology and recalling Corollary 2.11 gives the result. 0 
Remark 3.4. In [4] it was shown that if E? E Li, ,,, ,,, lies on a surface of degree 2N, 
then e( E?) = 2N+ h + r - 5. Since this is the lower bound for all curves in Ln”, ,,, ,,, 
one might hope that the converse would be true, thus characterizing the extremal 
curves. Unfortunately this is not true. For example, consider a maximal rank curve 
%’ in L,!,. Note that dimM(E?),=dimM(g))4= 1, N=2, r=2, h= 1, and a(K?)=5. 
Applying results from [4], there is a smooth such E? of degree 15, with numerical 
character (6,5,5,5). Then a formula of [12] gives 
h’(,G,,(5))=0; h’&,,(4)) = 1; h’@%,,(3)) = 5. 
From the exact sequence 
0 + H’(&&)) + H’(&&k)) + z&Y& - 1)) -+ P&(k)) -+ 0, 
we have e(E7)=2=2N+h+r-5 even though c~(Q)=5>2N. 
Corollary 3.5. Let %’ E L,h, ,, ,,,. Then 
(a) hIa(K?)+p(Ef-4N-r+ 1; 
(b) 2N+r- 11/3(g). 
Arithmetically Buchsbaum curves 161 
Proof. (a) is immediate from Theorem 3.2 and Proposition 3.3 while (b) follows 
from (a) and the fact that a(%‘)12N+ h. (b) can also be proved easily from Harts- 
horne’s theorem. 0 
Corollary 3.6. Let %’ E L,h, ,,, n, be reduced and irreducible. Then 
(a) (2N+h-4)+r-lse(%‘)s(2N+h-4)+h; 
(b) cr(K?)+r-5se(@?)sa(FZ)+2h-r-3; 
(c)If h=r-1, then a(F?)=/3(FZ)=2N+h, M(8),_2#0, and e(VZ)=2N+ 
h+r-5. 
Proof. Let a =a(~?). Recall that a~2N+ h and Pr2N+ h (Theorem 1.5(a) and 
(c)). Then (a) comes from Theorem 3.2 and Proposition 3.3. (b) then follows from 
(a) and the fact that a 2 2N+ r - 1 (Theorem 1.6). (c) is immediate from the proof 
of (a). (Recall that the statement M(9),_2#0 is equivalent to a(@?) =2N+ h.) 0 
4. Arithmetically Cohen-Macaulay and Buchshaum curves on a smooth cubic 
surface 
In [ 181, Watanabe lists all the divisor classes on a smooth cubic surface which cor- 
respond to arithmetically Cohen-Macaulay curves. In this section we extend his 
result in two ways: first we list all the divisor classes corresponding to arithmetically 
Buchsbaum (non-Cohen-Macaulay) curves, and then we use the same ideas to view 
the arithmetically Cohen-Macaulay problem in a way different from that given in 
1181. 
Let S denote the smooth cubic surface in Ip3. We think of S as Ip2 blown up at 
6 general points P,, . . . , P6 and let Et, . . . , E6 be the exceptional divisors on S and L 
the proper transform of a general line in Ip2. Then Pit(S) is the free abelian group 
of rank seven with these seven divisors as generators. Thus, one way to produce a 
list, as described above, is to write down the coefficients of the relevant divisor 
classes with respect to this basis. This is precisely what Watanabe has done in [18] 
to describe the divisor classes which correspond to arithmetically Cohen-Macaulay 
curves. 
Our approach is somewhat more concise (Theorem 4.3). We express everything 
in terms of divisors D consisting of two skew lines and the divisor of a hyperplane 
section, H= 3L - E, - ... -Es. Notice though, that one could list, in terms of the 
basis for Pit(S) above, all divisors which correspond to pairs of the 27 lines on S 
which are skew. This would give a list such as Watanabe’s, but this time for arithme- 
tically Buchsbaum curves. We do not, however, write down that easy, but tedious, 
corollary of Theorem 4.3. 
For convenience we will use the letter “E?” both for the curve and for the 
associated divisor class. Recall that if @Z is arithmetically Buchsbaum and on S (but 
not arithmetically Cohen-Macaulay), then dim M( ‘S’) = 1 (Theorem 1.3). 
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Lemma 4.1. Let ?Z be a curve on a smooth cubic surface S. Assume that deg ‘?Z = 2, 
then 
(a) g is arithmetically Cohen-Macaulay if and only if FZ is a plane conic (not 
necessarily irreducible); 
(b) g is arithmetically Buchsbaum and non-Cohen-Macaulay if and only if FZ 
consists of two skew lines; 
(c) 6? is not arithmetically Buchsbaum if and only if g is a double line. 
Proof. Certainly @? is either a plane conic (possibly reducible), two skew lines, or 
a double line. In the first case g is arithmetically Cohen-Macaulay, and in the 
second case g is arithmetically Buchsbaum and non-Cohen-Macaulay. Hence it suf- 
fices to show that a double line g on a smooth cubic surface S is not arithmetically 
Buchsbaum. 
Suppose g is arithmetically Buchsbaum. We then have diam M(g) = 1 (as 
observed above) and p,(g) = -1 (cf. [lo, 151). Now, without loss of generality sup- 
pose ?Z is supported on E, , and so ?Z = 2E, in Pit(S). Then 
P,(g) = 
g* g++K,* g + I = (2EA2 + (-H) . (2-4) + 1 = _2 
2 2 
> 
which is a contradiction. 0 
Now, note that if a(%) = 2, then deg @?r 6 (by Bezout and the irreducibility of S). 
If g is also arithmetically Buchsbaum and non-Cohen-Macaulay, then in fact 
deg g I 4 by liaison - otherwise %’ is a complete intersection (degree 6) or linked 
to a line (degree 5). 
Lemma 4.2. Let B be an arithmetically Buchsbaum (non-Cohen-Macaulay) curve 
lying on a smooth cubic surface S, and let D be a divisor consisting of two skew 
lines, then 
(a) ?Z cannot have degree 3; 
(b) if deg VZ = 4, we have FZ = 2H- D, o( FZ) = 2, v( 69) = 4 and Is has its genera- 
tors in degrees 2,3,3,3; 
(c)ifdegB=5, wehave~=H+D,cr(‘8)=3,~(~)=5andI~hasallitsgenera- 
tors in degree 3. 
Proof. (a) follows from [3, Remark 5.21. For (b), since @? is not a plane curve, 
AH( @n H, -) must have the graph of Fig. 13. Thus, 2 = h”(@V,,(2)) = h0(9@(2)) + 
I 
1 2 3 
Fig. 13. 
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dim M(q), . But IV?(FZ)~=O for kr2 (Theorem 1.5(b)) andM(E since deg @#2 
[3]. Hence h0(gg(2)) =dimM(g), = 1 and we conclude that g is contained in a 
unique quadric surface. Using this surface of degree 2 with S links f9 to a curve D 
of degree 2, which by Lemma 4.1 must then be a pair of skew lines. Hence 
D+ @7= 2H on S. Now by Corollary 2.12, v(g) =4 and by Theorem 1.4(e), IV is 
generated in degree 13, so that finishes the proof of (b). 
Now assume that deg E? = 5. We have already seen that m(g) = 2 is impossible, so 
a(g)=3. An argument similar to that above gives /2”(#,,,(2))=dimM(~), = 1. 
As in the proof of (b), I,: is generated in degree 53 so p(E) = 3 as well. Performing 
a link on g, using S and another cubic surface, gives a residual curve g’ of degree 
4. So by (b) we have f$“=2H- D. Then E= 3H- g’=H+D. Since we now know 
AH(%nH, -) completely, we obtain h0(9,0,(3))= 5. However, h0(SY(3)) = 
h O(& FJ~H(3))-dimM(‘&‘),=5-O=5, and so v(g)=5 as we wanted to show. q 
Theorem 4.3. Let E? be an arithmetically Buchsbaum (non-Cohen-Macaulay) curve 
lying on a smooth cubic surface S and assume that deg CCL 6. Let /I =p(E’), 
b = /3(E? n H) and, as before, let D be a divisor corresponding to two skew lines. 
Then 
(a) c-w(~9)=cx(@nH)=3, dimM(%),_, = 1 (and all other components of n/r(g) 
are 0); 
(b) deg E’ is not divisible by 3; 
(c) if deg 8~ 1 (mod 3), we have ,!I= b, E? =/3H- D, v(g) = 4 and E’ has its 
minimal generators in degrees 3, p, j3 + 1, j3 + 1; 
(d) ifdegg=2 (mod3), we havej?=b+ 1, ‘t??=(p-2)H+D, v(g)=5 and % has 
its minimal generators in degrees 3, j3, j3, /I, /I. 
Proof. We have already seen that (x( 67) = 3 and that dim M( ‘8) = 1. Since S is 
irreducible, if a(fZnH) =2, we have deg g=deg K?nHs6, i.e. deg EY= 6. But 
a( K?fl H) = 2 also gives A4( VZ), + 0 (Theorem 1.4(c)) and so 
h’@%(3)) = h0(&,,(3)) = 4. 
We can thus link Q to a curve of degree 3 - contradicting Lemma 4.2(a). Thus 
a(%f-lH)=3. 
Recall that P--l5b</I. Since a(ETnH)=3 and SnH is irreducible, b= 
min{d>31AH(gnH,d)<3}. ButdH(gnH,-)isstrictlydecreasingpast b[6], so 
there are four possibilities for the graph of dH(%nH, -) (see Fig. 14). By the 
definition of b, graph (a) implies that g n H is a complete intersection. Then by [l 1, 
Proposition 4.71, E? is a complete intersection and so this case cannot occur. 
Also, graph (d) cannot occur. To see this, observe that in this case we would then 
have Ig generated in degree I b (Theorem 1.4(e) since t = b - 1 in this case). We 
could then link VZ, using S and a curve of degree b, to a curve of degree 3, and that 
would contradict Lemma 4.2(a). 
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I 0 . . . 0 
I 0 0 
1 0 (b) 
b b 
b b 
Fig. 14. 
Notice that only in cases (a) and (d) was the degree of 6’ divisible by 3, so we have 
proved part (b) of the theorem. 
Now consider graphs (b) and (c). Recall that M(‘vY)~#O implies that ZgoH has a 
minimal generator in degree d+ 1 (which does not correspond to a minimal 
generator of I,). Hence n/r(%), = 0 for d% b - 2. But M( E?)d = 0 for d r b since 
b = t in both these cases (Theorem I .4(e)) so dim M( a),_ 1 = 1. This completes the 
proof of (a). 
In graph (b) we see that we are dealing with the case where deg 4~2 (mod 3). Also 
ZgnH has exactly one minimal generator in degree b. Thus, by what we observed in 
the previous paragraph, that generator comes from M(B)(-I) and hence is not a 
minimal generator of Zw . Thus /3 = b + 1. Hence we can use S and a surface of 
degree p = b + 1 to link E? to a curve of degree 4. By Lemma 4.2, we then have 
g=&Y-(2H-D)=(/3-2)N+D. 
In graph (c) we see that deg Br 1 (mod 3) and I,,, has exactly two generators 
in degree b. Thus ZIOH has a minimal generator in degree b other than that coming 
from M(@?)(-1) and so I, has a minimal generator in degree b. We conclude that 
/3= 6. Consequently we can use S and a surface of degree p to link B to a curve of 
degree 2. By Lemma 4.1, ‘6’=/3ZZ--D. 
Finally, we turn to minimal generators. In either graph (b) or (c), we get 
v( g fl H) I 3 by [7]. Since neither is a complete intersection we get v( E? fl H) = 3 and, 
Corollary 2.3, v(6?)15. 
Now consider graph (b). Let Q be the generator of Z,oH in degree 3, F the 
generator of ZgnH of degree b coming from A4(S)(-1) and G the generator for 
ZVoH in degree fi= b + 1. From Proposition 2.2 we have that I, has generators 
corresponding to Q, xF, yF, .zF and G. These are, in fact, minimal generators since 
Q and F are a regular sequence and G $ (Q, F). Thus v( ‘8?) = 5 and this completes 
(d) of the theorem. 
As for graph (c), now ZgoH has one generator in degree 3 and two in degree 
b =/I. One of the latter comes from M(E?)(- 1) and one corresponds to a minimal 
generator of Zg. Then in (ZgnH)b+l we need to compute the size of the subspace 
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spanned by the complete intersection of the generators of degrees 3 and 6, and the 
size of (Z,,-,H)b+l itself. The difference will be v(g),+,. 
The former is a routine calculation, yielding (i) + 3. For the latter, we first com- 
pute Z~‘(#~o,(b)) = [(b; ‘) + l] + 1. (The part in brackets is the size of the subspace 
corresponding to the complete intersection, and we add 1 for the minimal generator 
coming from M(g)(-l).) Then 
o=dfqmn,b+ 1)=(b+2)-h~(~~o,(b+ 1))+~2~(9~.,(b)). 
Combining gives 
h”(G,,(b + 1)) = 
b-l 
( > +b+4. 2 
Then 
v(W~+l=(b;1)+b+4-[(;)+3]=-~b-l)+b+l=2. 
Therefore v(g) = 1 + 1 + 2 = 4, completing the proof. 0 
We now turn to the situation where g is arithmetically Cohen-Macaulay. As 
before, we need to classify the low degree curves separately. Again we will not list 
the actual divisor classes in terms of E 1, . . . , E6, L. Instead, we will give a solution 
similar to Theorem 4.3. (Watanabe gives a list in terms of E,, . . . , E6, L in [ 181.) We 
will, however, indicate how one might make such a list from this approach (as we 
did in the arithmetically Buchsbaum case). 
If deg KG’= 1, then K? is a line. There are 27 such curves on S. If deg ??=2, by 
Lemma 4.1 we have that @Y is a plane conic (not necessarily irreducible). Then G 
is directly linked to a line, so %‘=H-J where jl is the class of a line. Thus again 
it is easy to list all the possibilities. 
Now suppose deg @‘= 3. If ‘?? is a plane curve, then ‘i?=H. Otherwise, from our 
knowledge of dH( gflZZ, -) we can compute the Hilbert function of g and get 
p,( %) = 0. g is not a disjoint union since %? is arithmetically Cohen-Macaulay. If 
g is the (connected) union of three lines, one can list all the possibilities from our 
knowledge of the 27 lines. If @Y is the (connected) union of a line and a conic, one 
can again make a list from above knowledge. All of these are arithmetically Cohen- 
Macaulay. One can check that 6’ is not the union of a double line and a line: say 
the double line is 2E and the line is A. Then 
P,(g) = 
(2E+A)2+(--H).(2E+A)+1=_1 
2 
Similarly, Q cannot be a triple line. 
The only other possibility is that B is irreducible. We will list all such possibilities 
in this case. 
Lemma 4.4 ([13]). Let D be a divisor on S with deg DZ 3. Assume IDI contains 
an irreducible curve. Then Da A 2 0 .for all lines ,I on S. 0 
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Lemma 4.5. Let E’C S be a non-degenerate irreducible cubic curve. Say @? = aL - 
6, E, - ... - b6E6. Then: 
(a) 3a-b,-...-b6=3; 
(b)a2-b~-...-b~=l; 
(c) 05 b,<2 for all i; 
(d) as 5. 
Proof. (a) is the condition that deg % = 3. (b) is the condition that p,(g) = 0 (using 
adjunction). The lower bound for (c) follows from Lemma 4.4. The upper bound 
follows from the easy observation that @? has no trisecants. Finally, (d) follows from 
(a) and the upper bound of (c). 0 
Corollary 4.6. Let VZ be a non-degenerate irreducible cubic curve on S. Say FZ = aL - 
b,E, - ... - bhE6, Without loss of generality say 6,~ ..+ 2 b6. Then the 7-tuple 
(a; b ,, . . . , b6) is one of the folio wing: 
( 1; 0, a 0, 0, 090) (2; 1, 1, LO, 9 0) (3; 2,1,1,1,1,0) 
(4; 2,2,2,1,1,1) (5; 2,2,2,2,2,2) 0 
Now we proceed as we did for the arithmetically Buchsbaum case. Since VZ is 
arithmetically Cohen-Macaulay, CX(~)=Q(~~H), j3(fz)=p(mw), v(~z)= 
v( gfIH> and the degrees of the minimal generators agree. 
Theorem 4.1. Let @ be an arithmetically Cohen-Macaulay curve lying on a smooth 
cubic surface S. In each of the following, A is the class of a line and D is the class 
of a non-degenerate cubic curve. 
(a) If deg 8=4, then g=H+A. FZ is either a complete intersection (v(g) =2, 
generators in degree 2) or else v(g) =3 (generators in degree 2,2,3). 
(b) If deg g = 5, then g= 2H- A, v(g) = 3 (generators in degree 2,3,3). 
(c) If deg E7=6, then either 
‘8 is a complete intersection, @? = 2H, v(g) = 2 (generators in degree 2,3), or 
53 = 2H- D, v(g) = 4 (generators in degree 3,3,3,3). 
(d) If deg E?> 6, then a(%) = 3 and we have: 
(i) if deg K+‘=O (mod 3), then either 
VZ is a complete intersection, ‘FJ = PH, v( @!?) =2 (generators in degree 3, /?), or 
% =/3H- D, v( ‘?FY) =4 (generators in degree 3, /3,& p); 
(ii) if deg%‘=l (mod3), then %=((p-l)H+A, v(g)=3 
(generators in degree 3, /I, p); 
(iii) if deg@Y=2 (mod3), then g=pH-A, v(B)=3 
(generators in degree 3, /3, p). 
Proof. The only new trick here is the standard fact about the behaviour of v(g) 
under liaison for @ arithmetically Cohen-Macaulay, depending on whether the 
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complete intersection uses zero, one or two minimal generators of Iv. The rest of 
the proof is similar to that of Theorem 4.3 and is left to the reader. 0 
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